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We study the spectrum of single-photon emission and scattering in a mixed optomechanical model
which consists of both linear and quadratic optomechanical interactions. The spectra are calculated
based on the exact long-time solutions of the single-photon emission and scattering processes in
this system. We find that there exist some phonon sideband peaks in the spectra and there are
some sub peaks around the phonon sideband peaks under proper parameter conditions. The corre-
spondence between the spectral features and the optomechanical interactions is confirmed, and the
optomechanical coupling strengths can be inferred by analyzing the resonance peaks and dips in the
spectra.
I. INTRODUCTION
The optomechanical interactions between the photons
and the mechanical oscillation are at the heart of the field
of cavity optomechanics [1–4]. Typically, there are two
kinds of optomechanical interactions: the linear (i.e., the
radiation-pressure-type) optomechanical coupling [5–13]
and the quadratic optomechanical coupling [14–21]. In
the two cases, the optomechanical couplings depend lin-
early and quadratically on the mechanical displacement,
respectively. So far, much effort has been devoted to
the studies of linear and quadratic optomechanical effects
and the applications of optomechanical interactions to
modern quantum technologies [22], including the demon-
stration of the fundamental of quantum theory [2] and
the applications of optomechanical systems in quantum
precision measurement [22].
Motivated by the great advances in the enhancement
of the optomechanical coupling at the level of single pho-
tons [23–26], much recent interest has been paid to the
study of the single-photon strong-coupling regime of cav-
ity optomechanics [27–37]. The optomechanical inter-
action in this regime can provide a platform to study
the observable optomechanical effects at the level of sin-
gle photons. In particular, fruitful achievements have
been obtained in the studies of various effects in lin-
ear optomechanical coupling at the few- and even single-
photon levels [27–29, 32, 38, 39]. For example, the os-
cillating boundary of the cavity will induce a Kerr-type
optical nonlinearity and this nonlinearity has been ex-
ploited to realize photon blockade effect in the linear op-
tomechanical cavity [27, 32]. The emission spectrum of
the optomechanical cavity has been studied in both the
continuous-wave and wavepacket driving cases [28, 29].
It has been found that the phonon sideband peaks ap-
pear in the spectrum when the system works in both
∗ jfhuang@hunnu.edu.cn
† jqliao@hunnu.edu.cn
the single-photon strong-coupling and resolved-sideband
regimes. The conditional displacement dynamics of a
single photon in optomechanics has been suggested to
generate quantum superposition of distinct mechanical
states [38, 39]. In addition, some applications of the op-
tomechanical interactions at the single-photon level have
been proposed. These applications include the spectro-
metric reconstruction of the mechanical states [40] and
the spectrometric detection of weak classical forces [41].
Recently, much attention has been paid to the stud-
ies on the mixed optomechanical model with both lin-
ear and quadratic optomechanical couplings [42–47]. In
this model, the linear and quadratic optomechanical cou-
plings provide the physical mechanisms for conditional
displacement and squeezing of the mechanical resonator,
respectively. These mechanisms will create interesting
physical effects such as the squeezing and cooling the
mechanical mode [42], the harmonic generation of self-
sustained oscillations [43], the phonon quantum nonde-
molition measurements [44], the unconditional prepara-
tion of nonclassical states [45], and the optomechanically
induced transparency [46]. Such a system has also been
experimentally demonstrated where the mechanical res-
onator is prepared and detected near its ground-state mo-
tion [47].
In this paper, we study the single-photon emission and
scattering spectra in the mixed optomechanical model.
Within the Winger-Weisskopf framework, we obtain the
exact solution of the single photon dynamics in the emis-
sion and scattering cases where a single photon is initially
inside the cavity and in a Lorentizian wavepacket outside
the cavity, respectively. Based on the analytical solu-
tions, the single-photon emission and scattering spectra
are obtained. We find that there exist phonon sideband
peaks in the spectrum, and around the phonon sideband
main peaks, there are some sub peaks, which are caused
by the frequency difference of the single-photon squeezed
mechanical resonator and the free mechanical resonator.
By analyzing the spectra, we characterize the spectra of
the system in the single-photon strong-coupling regime
by indicating the relation between the spectral features
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FIG. 1. (a) Schematic of the mixed optomechanical cavity
consisting of both the linear and quadratic optomechanical
interactions. The bath of the cavity is modelled as contin-
uous fields outside the cavity. (b) The eigensystem of this
mixed optomechanical cavity limited within the zero- and one-
photon subspaces.
and the strengths of the linear and quadratic optome-
chanical interactions. As a result, the optomechanical
coupling strengths can be inferred by analyzing the spec-
tral pattern. Notice that several methods have been pro-
posed to infer the coupling strength in optomechanical
systems [29, 48–50].
The rest of this paper is organized as follows. In
Sec. II, we introduce the mixed optomechanical model
and present the Hamiltonians. In Sec. III, we con-
sider the single-photon dynamics of the system and de-
rive the equations of motion for these probability ampli-
tudes in the single-photon subspace. In Secs. IV and V,
we calculate the single-photon spectrum and discuss the
spectrometric estimation of the optomechanical coupling
strengths in the emission and scattering cases, respec-
tively. A conclusion is presented in Sec. VI.
II. MODEL
We consider a mixed optomechanical model [Fig. 1(a)],
which consists of both the linear and quadratic optome-
chanical interactions between the cavity field and the me-
chanical mode. This mixed optomechanical model is de-
scribed by the Hamiltonian (with ~ = 1)
Hˆmop = ωcaˆ
†aˆ+ ωM bˆ†bˆ+ g1aˆ†aˆ(bˆ† + bˆ) + g2aˆ†aˆ(bˆ† + bˆ)2,
(1)
where aˆ (aˆ†) and bˆ (bˆ†) are, respectively, the annihi-
lation (creation) operators of the cavity field and the
mechanical mode, with the corresponding resonance fre-
quencies ωc and ωM . The parameters g1 and g2 are the
single-photon coupling strengths associated with the lin-
ear and quadratic optomechanical interactions between
the single-mode cavity field and the mechanical oscilla-
tion, respectively.
Physically, the single-photon emission and scattering
spectra of the mixed optomechanical cavity are deter-
mined by the eigen-energy spectrum of the system within
the zero- and one-photon subspaces [see Fig. 1(b)]. This
eigen-energy spectrum can be calculated by introducing
the squeezing operator Sˆ(rˆ) = exp[(rˆbˆ2 − rˆbˆ†2)/2] and
the displacement operator Dˆ(αˆ) = exp[αˆ(bˆ† − bˆ)], where
the photon-number dependent squeezing and displace-
ment quantities are given by
rˆ =
1
4
ln
(
4g2
ωM
aˆ†aˆ+ 1
)
, αˆ = −g1e
−3rˆ
ωM
aˆ†aˆ. (2)
Under the transformation ˆ˜Hmop =
Dˆ†(αˆ)Sˆ†(rˆ)HˆmopSˆ(rˆ)Dˆ(αˆ), the Hamiltonian Hˆmop
is transformed into the following diagonalized form
ˆ˜Hmop =
(
ωc + g2e
−2rˆ) aˆ†aˆ+ ωM sinh2 rˆ + ωMe2rˆ bˆ†bˆ
−g
2
1e
−4rˆ
ωM
aˆ†aˆaˆ†aˆ. (3)
Since the photon number operator aˆ†aˆ is a conserved
quantity in Hˆmop, then the squeezing and displacement
quantities can be expressed as rˆ =
∑∞
n=0 rn|n〉aa〈n|
and αˆ =
∑∞
n=0 αn|n〉aa〈n|, with the photon-number de-
pendent squeezing and displacement parameters rn =
[ln(4g2n/ωM + 1)]/4 and αn = −g1e−3rnn/ωM .
Denote |n〉a and |m〉b (n,m = 0, 1, 2, · · · ) as the num-
ber states of the cavity field and the mechanical res-
onator, respectively, the eigen-system of the Hamiltonian
ˆ˜Hmop can be obtained as
ˆ˜Hmop|n〉a|m〉b = En,m|n〉a|m〉b, (4)
where the eigenvalues are defined by
En,m =
(
ωc + g2e
−2rn)n+ ωM sinh2 rn + ωMe2rnm
−g
2
1e
−4rn
ωM
n2. (5)
3Then the eigen-equation of the Hamiltonian Hˆmop can be
obtained as
Hˆmop|n〉a|m˜(n)〉b = En,m|n〉a|m˜(n)〉b, (6)
where
|m˜(n)〉b = Sˆ(rn)Dˆ(αn)|m〉b (7)
are the squeezed displaced number states. In particular,
when there is no photon in the cavity, we have |m˜(0)〉b =
|m〉b.
In typical optomechanical systems, the decay rate γ of
the mechanical mode is much smaller than the decay rate
κ of the cavity field. Then in the single-photon emission
and scattering processes, the mechanical damping is neg-
ligible during the time interval 1/κ ≪ t ≪ 1/γ. Conse-
quently, in the following calculations we merely consider
the dissipation of the cavity field by modelling the en-
vironment of cavity field as a continuous vacuum field
bath, which is described by the Hamiltonian
Hˆbath =
∑
k
ωkcˆ
†
k cˆk, (8)
where cˆk and cˆ
†
k are the annihilation and creation oper-
ators of the kth mode in the bath, with the resonance
frequency ωk. The commutation relation is given by
[cˆk, cˆ
†
k′ ] = δk,k′ . The coupling between the optomechani-
cal cavity and its environment is described by the photon-
hopping interaction, which takes the form as
Hˆint =
∑
k
ξk(aˆ
†cˆk + cˆ
†
kaˆ), (9)
with ξk being the coupling strengths. Then the total
Hamiltonian can be written as
Hˆtot = Hˆmop + Hˆbath + Hˆint. (10)
In the following sections, we will solve the dynamics of
the total system with the probability amplitude method
based on the total Hamiltonian.
III. EQUATIONS OF MOTION
In this system, the total photon number operator can
be defined as Nˆ = aˆ†aˆ +
∑
k cˆ
†
k cˆk, which is a conserved
quantity because of the commutative relation [Nˆ , Hˆtot] =
0. For studying the single-photon physics, we restrict the
system within the single-photon subspace spanned over
the basis states |1〉a|∅〉c and |0〉a|1k〉c, which represent
that a single photon inside the cavity and in the kth
mode of the continuous-mode bath, respectively. A gen-
eral pure state of the total system in the single-photon
subspace can be expressed as
|ϕ(t)〉 =
∞∑
n=0
An(t)|1〉a|n˜(1)〉b|∅〉c
+
∞∑
n=0
∑
k
Bn,k(t)|0〉a|n〉b|1k〉c, (11)
where An(t) and Bn,k(t) are the probability amplitudes.
For convenience, we will work in the rotating frame
with respect to ωcaˆ
†aˆ. The Hamiltonian of the mixed
optomechanical cavity in the rotating frame becomes
HˆImop = ωM bˆ
†bˆ + g1aˆ†aˆ(bˆ† + bˆ) + g2aˆ†aˆ(bˆ† + bˆ)2, the
eigensystem of the Hamiltonian HˆImop is defined by
HˆImop|n〉a|m˜(n)〉b = E′n,m|n〉a|m˜(n)〉b, where the eigen-
values are given by E′n,m = En,m − ωcn. The to-
tal Hamiltonian in the rotating frame with respect to
Hˆ0 = ωcaˆ
†aˆ+
∑
k ωccˆ
†
k cˆk becomes
HˆI = ωM bˆ
†bˆ+ g1aˆ†aˆ(bˆ† + bˆ) + g2aˆ†aˆ(bˆ† + bˆ)2
+
∑
k
∆k cˆ
†
k cˆk +
∑
k
ξk(aˆ
†cˆk + cˆ
†
kaˆ), (12)
where the detuning ∆k = ωk − ωc is introduced.
According to the general state |ϕ(t)〉, the Hamilto-
nian HˆI , and the Schro¨dinger equation i∂|ϕ(t)〉/∂t =
HI |ϕ(t)〉, we obtain the equations of motion for the prob-
ability amplitudes as
A˙m =− iE′1,mAm − i
∞∑
n=0
∑
k
ξk b〈m˜(1)|n〉bBn,k,
(13a)
B˙m,k =− i(E′0,m +∆k)Bm,k − i
∞∑
n=0
ξk b〈m|n˜(1)〉bAn.
(13b)
In the next two sections, we will solve these equations of
motion for the probability amplitudes under the initial
conditions corresponding to the single-photon emission
and scattering cases, respectively.
IV. SINGLE-PHOTON EMISSION
In the single-photon emission case, the single photon
is initially inside the cavity. With the evolution of the
system, the single photon will leak out of the cavity and
the emitted photon will carry the state and parameter
information of the system, which can be read out from
the single-photon emission spectrum. For the mechanical
mode, its state could be an arbitrary state. Below, we
will first solve the equations of motion (13) correspond-
ing to an initial number state |m0〉b of the mechanical
mode. In principle, the solution for general initial states
of the mechanical mode can be obtained by superposi-
tion based on the solution relating to the initial number
state. For the initial state |ϕ(0)〉 = |1〉a|m0〉b|∅〉c, the
initial condition of the probability amplitudes is given
by Am(0) = b〈m˜(1)|m0〉b and Bm,k(0) = 0. Within
the Wigner-Weisskopf framework and taking ρ(ωk)ξ
2
k =
ρ(ωc)ξ
2
c = κ/(2π) as a constant with ρ(ωk) being the
density of the mode for the bath, the transient-state so-
lution of these probability amplitudes can be obtained.
In the long-time limit (1/κ ≪ t ≪ 1/γ), the probability
4amplitudes become Am0,m = 0 and (up to a phase factor
e−i(E
′
0,m+∆k)t)
Bm0,m,k =
∞∑
n=0
ξk b〈m|n˜(1)〉b b〈n˜(1)|m0〉b
∆k + E′0,m − E′1,n + iκ/2
, (14)
where the decay rate of the cavity field is defined by
κ = 2πρ(ωc)ξ
2
c . Notice that here we added the subscript
m0 in Am0,m and Bm0,m,k to mark the initial state |m0〉b
of the mechanical mode.
Accompanied with the emission of a single photon,
the mixed optomechanical system transits from states
|1〉a|n˜(1)〉b to states |0〉a|m〉b. The frequency of the emit-
ted photon is governed by the resonance condition
∆k = E
′
1,n − E′0,m, (15)
which is consistent with the real part of the pole in
Eq. (14), i.e., ∆k − (E′1,n − E′0,m) = 0. The am-
plitude for the process is proportional to the overlap
b〈m|n˜(1)〉bb〈n˜(1)|m0〉b, which can be calculated with the
relations
b〈m|n˜(1)〉b = b〈m|Sˆ(r1)Dˆ(α1)|n〉b, (16)
where the single-photon squeezing and displacement pa-
rameters are given by
r1 =
1
4
ln
(
4g2
ωM
+ 1
)
, α1 = −g1e
−3r1
ωM
. (17)
The value of the inner product in Eq. (16) can be cal-
culated with the formula [51]
b〈m|Sˆ(ζ)Dˆ(β)|n〉b
=
1
(m!n!µ)1/2
(
ν
2µ
)m/2
exp
(
−|β|
2
2
+
ν∗
2µ
β2
)
×
min(n,m)∑
k=0
Ckn2
km!
(m− k)! (2µν)
−k/2Hm−k
(
β√
2µν
)
×
(
− ν
∗
2µ
)(n−k)/2
Hn−k
(
βν∗ − β∗µ√−2µν∗
)
, (18)
where ζ = seiθ, µ = cosh s, and ν = exp(−iθ) sinh s.
In this system, the transition matrix elements are de-
termined by the overlap b〈m|n˜(1)〉b between the num-
ber state |m〉b and the single-photon squeezed displaced
number state |n˜(1)〉b. In Fig. 2, we plot the value of the
overlap b〈m|n˜(1)〉b as a function of the two state indexes
m and n. Here we can see that for a given n, the dom-
inate transition channel index m is around the n. The
value of the overlap could be either positive or negative,
and the absolute value of the overlap decreases with the
increase of the index difference |m− n|.
When the mechanical resonator is initially in the pure
states
∑∞
m0=0
Cm0(0)|1〉a|m0〉b|∅〉c and the mixed states∑∞
m0=0
Pm0(0)|m0〉b b〈m0|, the single-photon emission
0
5
m10
1515
10n
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0
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FIG. 2. The value of the overlap b〈m|n˜(1)〉b between the
number state |m〉b and the single-photon squeezed displaced
number state |n˜(1)〉b versus the state indexes m and n. The
used parameters are g1/ωM = 0.8 and g2/ωM = 0.1.
spectrum can be calculated, respectively, with the fol-
lowing relations
S(∆k) = ρ(ωk)
∞∑
m=0
∣∣∣∣∣
∞∑
m0=0
Cm0(0)Bm0,m,k
∣∣∣∣∣
2
, (19a)
S(∆k) = ρ(ωk)
∞∑
m0=0
Pm0(0)
∞∑
m=0
|Bm0,m,k|2. (19b)
To observe the features of the single-photon spectra in
this mixed optomechanical system, in Fig. 3 we plot the
emission spectrum as a function of the photon frequency
detuning ∆k for various values of the coupling strength
g2 when the mechanical mode is initially prepared in its
ground state |0〉b. Similar to the radiation-pressure-type
optomechanical coupling case, we choose proper param-
eters such that the system works in the single-photon
strong-coupling regime g1 > κ and the resolved-sideband
regime ωM > κ. Then the spectral peaks corresponding
to phonon sideband resonance become visible in the spec-
trum. Figure 3 shows that the quadratic optomechanical
interaction will lead to the shift of the sideband peaks in
the spectra. In particular, for a relatively large g2, the
sideband peaks will be splitted to many sub peaks. The
appearance of these sub peaks is caused by the change
of the mechanical resonance frequency in the presence of
the quadratic optomechanical coupling. When there are
n photons in the cavity, the resonance frequency of the
mechanical resonator is ωMe
2rn . For the single-photon
case, we have ωMe
2r1 = ωM
√
1 + 4g2/ωM . Due to the
difference between ωMe
2r1 and ωM , there exist some sub
peaks around the main phonon-sideband peaks, and the
distance between two neighboring sub peaks is given by
ωM (
√
1 + 4g2/ωM − 1). The location of these phonon
sideband peaks and sub peaks can be determined ex-
actly by analyzing the resonance condition in Eq. (15).
As shown in Eq. (15), the peaks of these sidebands are
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FIG. 3. (Color online) The emission spectrum S(∆k)ωM
as a function of ∆k/ωM when the optomechanical-coupling
strengths take different values g2/ωM = 0.01, 0.03, 0.05,
and 0.1. The initial state of the mechanical resonator is
|0〉b. Other parameters are given by g1/ωM = 0.8 and
κ/ωM = 0.02.
located at ∆k = E
′
1,n − E′0,m, which leads to
∆k = ωMe
2r1n− ωMm− C, (20)
with
C = g21e
−4r1/ωM − g2e−2r1 − ωM sinh2 r1 (21)
being a constant energy shift of the ground state of the
oscillator induced by the single-photon squeezing and dis-
placement. This energy shift C can be read out from the
spectrum, as shown in Fig. 3(a). Here the first peak
(starting at ∆k = 0) in the red-sideband region corre-
sponds to the zero-phonon line, with the transitions from
state |1〉a|0˜(1)〉b to state |0〉a|0〉b.
When a single photon is placed inside the cavity, it
will squeeze and displace the mechanical mode, and then
the resonance frequency of the mechanical resonator will
be changed to ωMe
2r1 . The phonon sideband peaks are
determined by the transitions with different values of m
under a given n. Consequently, the distance between two
neighboring main sideband peaks is ωM . In addition, the
sub peaks are induced by these transitions relating to
m = n. Therefore, the distance between the locations
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FIG. 4. (Color online) The emission spectrum S(∆k)ωM as
a function of ∆k/ωM when the cavity field decay rate κ take
different values κ/ωM = 0.02, 0.05, 0.08, and 0.15. The initial
state of the mechanical resonator is |0〉b. Other parameters
are given by g1/ωM = 0.8 and g2/ωM = 0.05.
of two neighboring sub peaks is ωM (e
2r1 − 1). In the
limitation of g2/ωM ≪ 1, we have
ωM (e
2r1 − 1) ≈ 2g2. (22)
It follows from Eq. (22) that an estimation of the coupling
strength g2 of the quadratic optomechanical interaction
can be realized by analyzing the distance between two
neighboring sub peaks. To resolve these sub peaks in the
single-photon spectrum, the parameter condition 2g2 > κ
should be satisfied.
Based on the discussions in the above sections, we can
see that the energy shift C and the coupling strength g2
can be read out from the spectrum. According to the re-
lation in Eq. (21) and the value of g2, the value of the lin-
ear optomechanical coupling strength g1 can be obtained.
Therefore, the optomechanical coupling strengths g1 and
g2 can be can be inferred with the spectrometric method.
It has been shown that, to resolve these phonon-
sideband resonance peaks in the single-photon emis-
sion and scattering spectra, the optomechanical system
should work in the resolved-sideband regime ωM > κ [29].
The parameter condition for resolving these sub peaks
6-3 -2 -1 0 1 2
0
10
20
-3 -2 -1 0 1 2
0
4
8
12
-3 -2 -1 0 1 2
0
1
2
3
-3 -2 -1 0 1 2
0
3
6
9
(a) squeezed displaced state
 
 
(b)
 
 
S(
k)
M
ground state
(c)
 
 
coherent state
(d)
 
 
k M
thermal state
FIG. 5. (Color online) The emission spectrum S(∆k)ωM as
a function of ∆k/ωM when the mechanical resonator is ini-
tially in different states: (a) single-photon squeezed displaced
ground state |0˜(1)〉b, (b) ground state |0〉b, (c) coherent state
|α〉b with α = 1, and (d) thermal state ρth with the average
thermal phonon number n¯th = 1. Other parameters are given
by g1/ωM = 0.8, g2/ωM = 0.05, and κ/ωM = 0.02.
can be further confirmed by comparing the spectrum in
different cases with various values of the cavity-field de-
cay rates. In Fig. 4, we plot the single-photon emis-
sion spectrum as a function of the detuning ∆k when
the decay rate κ takes different values: κ/ωM = 0.02,
0.05, 0.08, and 0.15. Here we can see that, with the in-
crease of the cavity-field decay rate, the width of the sub
peaks increases and then these sub peaks become indis-
tinguishable. Physically, to resolve the sub peaks in these
phonon sidebands, the decay rate should be smaller than
the distance between two neighboring sub peaks. The
corresponding parameter condition can be expressed as
ωM (e
2r1 − 1) > κ. For the parameters used in Fig. 4, the
value of the distance between two neighboring sub peaks
is ωM (e
2r1 − 1) ≈ 2g2 = 0.1. Then the sub-peak reso-
lution condition is satisfied in Figs. 4(a-c). Accordingly,
these sub peaks can be resolved in Figs. 4(a-c).
Physically, the locations of the phonon sideband peaks
and the sub peaks are determined by the energy spectrum
of the system. However, the magnitude distribution of
these peaks will depend on the initial state of the mechan-
ical resonator. Below, we study how the emission spec-
trum S(∆k) depends on the initial state of the mechanical
mode. We plot in Fig. 5 the emission spectrum S(∆k) as
a function of the detuning ∆k. We consider four differ-
ent initial states of the mechanical mode: single-photon
squeezed displaced ground state |0˜(1)〉b (i.e., the ground
state in the squeezed displaced representation), ground
state |0〉b, coherent state |β〉b = e−|β|2/2
∑∞
n=0
βn√
n!
|n〉b,
and thermal state ρthb =
∑∞
n=0
n¯nth
(n¯th+1)(n+1)
|n〉bb〈n| with
n¯th being the average thermal phonon occupation num-
ber. In Fig. 5(a), we can see that there are some peaks
in the red sideband region (∆k < 0), and the distance
between two neighboring phonon sideband peaks is ωM .
Since the state of the mechanical resonator is |0˜(1)〉b,
then the transitions associated with the single-photon
emission are from states |1〉a|0˜(1)〉b to states |0〉a|m〉b,
and there are no sub peaks in the spectrum. Differ-
ently, in Figs. 5(b-d), we can see that there exist phonon
sideband peaks in both the red and blue sideband re-
gions. This is because the mechanical resonator in the
single-photon squeezed-displaced-number-state represen-
tation has some excited-state populations, as shown in
the expansion |n0〉b =
∑∞
n=0(〈n˜(1)|b|n0〉b)|n˜(1)〉b. As
a result, there will have some probabilities for the sin-
gle photon absorbing the phonon’s energy and leaving
the cavity with a frequency larger than ωc, i.e., there
are some peaks in the blue sideband region. Meanwhile,
there are some sub peaks around the phonon sideband
peaks. The number of these phonon sideband peaks and
sub peaks depends on the initially contributing phonon
distribution in the mechanical resonator. More peaks will
be seen for a wider contributing phonon distribution in
the initial state of the mechanical mode.
V. SINGLE-PHOTON SCATTERING
In the single-photon scattering case, we assume that
the single photon is initially in a Lorentzian wavepacket
outside the cavity, then the initial state of the system
reads
|ϕ(0)〉 =
∑
k
√
ǫ
πρ(ωk)
1
∆k −∆0 + iǫ |0〉a|m0〉b|1k〉c,
(23)
where ∆0 and ǫ are the center and spectral width of
the single-photon injection wavepacket, respectively. The
corresponding initial condition reads Am(0) = 0 and
Bm,k(0) =
√
ǫ
πρ(ωk)
δm,m0
∆k −∆0 + iǫ . (24)
Under this initial condition, the long-time
(max{1/κ, 1/2ǫ} ≪ t ≪ 1/κ) scattering solution
can be obtained as Am0,m = 0 and (up to a phase factor
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FIG. 6. (Color online) The scattering spectrum S(∆k)ωM as
a function of ∆k/ωM in the wide-wavepacket-injection case
when the optomechanical-coupling strengths take different
values g2/ωM = 0.01, 0.03, 0.05, and 0.1. The initial state
of the mechanical resonator is |0〉b. Other parameters are
given by ǫ/ωM = 2, g1/ωM = 0.8, and κ/ωM = 0.02.
e−i(E
′
0,m+∆k)t)
Bm0,m,k =
√
ǫ
πρ(ωk)
[
1
∆k −∆0 + iǫδm,m0
−iκ
∞∑
n=0
1
∆k + E′0,m − E′1,n + iκ/2
× b〈m|n˜(1)〉b b〈n˜(1)|m0〉b
∆k −∆0 + E′0,m − E′0,m0 + iǫ
]
. (25)
Similar to the emission case, the subscript m0 in Am0,m
and Bm0,m,k is used to mark the initial state |m0〉b of the
mechanical mode. According to the probability ampli-
tude (25) and the spectrum formula (19), we can obtain
the single photon scattering spectrum. In Eq. (25), the
first term corresponds to the process in which the pho-
ton is reflected by the left cavity mirror without entering
the cavity. The second term comes from the interaction
process after the single photon entering the cavity. Note
that the summation part in the second term of Eq. (25)
has the same form as that appearing in single-photon
emission process discussed above.
For the single-photon scattering case, the width of the
injected single-photon wavepacket is a controllable vari-
able. Here we focus on the wide wavepacket injection case
ǫ/ωM > 1. In Fig. 6, we plot the single-photon scattering
spectrum S(∆k) versus the photon detuning ∆k for vari-
ous values of the coupling strength g2 when the mechani-
cal resonator is initially prepared in its ground state |0〉b.
Similar to the emission case, the phonon sideband peaks
are visible when the system works in the single-photon
strong-coupling and resolved-sideband regimes. In par-
ticular, the sub peaks can also be seen in the scattering
spectrum. Different from the emission case, the spec-
trum show both peaks and dips in the scattering case.
Physically, these tips are caused by quantum interfer-
ence between the direct photon reflection channel and
the scattering channel. The location of the first (start-
ing from ∆k = 0) dip in the red-sideband region and the
distance between these sub peaks in Fig. 6 can also be
used to infer the coupling strengths g1 and g2. We also
did the simulation for the narrow wavepacket injection
case, and find that these sub peaks cannot be seen in
the scattering spectrum. This is because the resonant
narrow-wavepacket injection induce definite transitions,
which dominates the single-photon transition process and
then other transitions become weak in this system.
VI. CONCLUSION
In conclusion, we have studied analytically the single-
photon emission and scattering spectra in a mixed op-
tomechanical system. Based on the exact single-photon
solutions, we have found the connection between the
spectral features and the optomechanical interactions.
These spectra can also provide the signature of quantum
optomechanical interaction between the photons and the
mechanical oscillation at the single-photon level. By an-
alyzing the phonon sideband peaks and sub peaks in the
single-photon emission and scattering spectra, the cou-
pling strengths of the optomechanical interactions can
be inferred.
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